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Equations arising from the theory of
orthogonally additive and quadratic functions

By Gy. Maksa, Gy. Szabé and L. Székelyhidi
Presented by J. Aczéd, F.R.S.C.

.Throughout this paper! | (F.+,) and (G, +),(8.+) denote a commu-
tative field and two abelian groups, respectively. The study of orthagonally
additive resp. quadralic mappings on abstract orthogonality spaces Tﬁcc [2]
and some furthcoming papers of the second author) leads to the following
unrestricted equations for the unknown functions g, i : F — §, ros pectively:

(1) glox +by) — glox) — g{by) = glay + b2) ~ g{ay) - #(ba), #,y € F,

{2) hlex + byj+ hiex — by) ~ 2h{ax) — 2h(by) =

= h{ay + hx) + h{ay — bx) — 2h(ay) ~ 2h{br), .y EF,

where .6 € F are fixed elements such that a,b, ¢ + b # 0. In fact, (1) is
# consequence of the more complex equation with two unknown functions
fi9:F =8, as follows

(3) Hlarx + by} + glagz + boy) =

= flenz) + fibry) + glagw) + glbay).  z.y€ F,

w"here 1,0z, 0,80 € F\ {0} are fixed elements such that u1bz # aaby. Qur
aim with this paper is to solve these equations under fairly weak counditions
on F and §. We slall make nse of the lollowing reslllh: wlich somewhat
gcnera.lizes that of Székelyhidi {see [3] and also [1]; here for p € N, a. group
is p-divisible, p-torsion-free av uniguely p-divisible, if the p-muitiplication on
the graup is surjective, injective or hijective, respectively):

'Research work of the third anthor Las boen suppotled by 1he Alexander van 1Tnmbold
Foundation. -
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THEOREM 1 Lot n € N and suppese that G or § is nl-divisible
and & is also n-lorsion-frec. If the function ¥ : G — S is of degree », te.

(4) Ple)+ 3 Plguln) + on{9)) =0, =zy€d,
k=v

with some functions P 1 ¢ — & and fhiomomorphism ¢x, 3 1 G — G such
that d{GY C w{G) (k= 0, 1. o n), then it has the form

(5) Pley= POVE Y Awlz,a,..m), 2 €G,
k=1
where Ay 1 GX — & are synctric k-additive functions (k= 1,...,n). The

converse implication else holds whenever G is (w + 1) -divisible,

Proof. (4} == (5): Without loss of gencralily, we way assume that
P0) = 0. Also, it is clear from the proof of 3], Thm. 3.6 Lhat P is a
polynomial of degree n {no divisibility is required). Thus for al-divisible
&, Thie 3 in [1] completes the proof. On the other hand, when & is the
nl-divisible group, the prool of the quoted Theorem 3 in [1] yields only that

3 G P gy — e '_l; f E
(6) ;J(.l)_g,[, AT Tl TEG,
with some symmetyic k-additive functions A : ¢ — 8 (k = 1,2,...,n}
and 7 o= al{n — 1020 where of7 is 2 symbal for any element in G with
r(;r/r} = a. Next observe Lhat for any & € N and arbitrary w;, tr.:- € ¢ such
that ro; = »0f (1= 1,2,... k),

ATty o) = PRAL (0w )

holds. “Thus since & is »!-lorsion-free, the fuuctions Ax 1 GF — S (k =
1,2,....n) are well defined by

Tk

_).\

-

Az, 70, ) = r"'_lA}c(fi, fl, ceis

rlr
where 2; € G and 2;/+ arc arbitrary elements of ¢ such that v{zi/7} = z;
(# = 1,2,...,k). Clearly Ay is symmetric and also it is addilive in each
variable. This latter assertion immediately fellows from the k-additivity of
AL and the fact »([2; + 2} /v] = #{z¢fr 4+ zi/r). Thus (6) turns into

)= 1Y A2, T2 z €,
k=1
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which since § is nl-torsion-Iree, praves the first implication.
(5) = (4) is immediatc from the proof of [3], Thm. 3.6.

COROLLARY 2 Swppose that either charF £ 2 and § is 2-torvion-
free. ot S is uniquely 2-divisible. Then g is a solution of equation (1) if,and
only if, it iz of the furm

(7 glz) = 6{0)+ A(z) + B(z.2), z€F.

with ¢n additive A : ¥ — S and symmetric bindditive B : F* — S such
that

{8) Blax, bry) = Blay, bz), z,y € F.

Proof. Necessity. Introduce the new variables v = ax + by and v =
ay + b2, Then
Lt —by av ~ bu
Tt yza?—b‘“
Thus (1) turns into the form

glu) — o) + [g (“—2%—!‘—2[«:1 - bv;]) -9 (zz_i‘ﬁia“ — bv])] +

a b
+ {:’} (m[—fw +(w]) -g (m{—bu + av])] =0, wy € F.

ie. with suitably defined functions g : F — 8§ (k =0, 1.2),
(9 glu)+ go(0u + 10} + gy (et — br) + go{~bu + av) = 1, u, v € F,

and so the above Theorem liplies (7). Finally, (8) comes from equation (1),
Sufficieney. Obvious.

COROLLARY 3  Suppose that either char F # 2,3 and S is 6-
tarsion-free, or S is uniguely G-divisible. Then h is ¢ solution of eguation
(2} if,and enly if, it has the form
(10) Alz) = A(0)+ Ble,2)+ Pz, x,2.2), z€eF,

with some symmetric 2-additive B : F2 — 8§ and u symmetric 4-additive
Junction D : F' — 8 sueh that

{11) Diaz,ax,by,by) = D(ay, ay, bz, bz), @,y € F.
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Proof. Necessity. Substitute in (2) y = 0. Then k() = A(—bz) for all
€ F,ie. hiseven. Now introduce the new variables v = ez + by and
v = gy + bz, whence

_aw by _av—bu
T oAt - y_a2—b2'

Then (2) turns into the ferm

A{u) — A(v) + 2 [ix ("2 _’i mlau— bc]) ~h (a—z{—bi{au - bﬂ])] +

+2 [h (u?—(:b'}'l_b” + av]) -h (ﬁ[—bu + av])] +

2 2 — 2 2
-f-h(a +b-u—L‘brr)—h( 2ab +ﬂ‘u)=ﬂ, u, v € F,

PR A R AT o
i.e. with suitably defived Tunctions by : F — 8 (£ = 0,1,...,4) and cle-
ments e = (a? + 67)/(a? - #?), d = 2ab/(a? — 6?), we have

(12} hlu)+ ho{0u + Lv) + hi{aw — bv) + kot —bu + av}+

Fha(ew — du) + h{—du + ev) = 0, u,v € F.

Thus by Theorem 1, & is of form

gl
hz) = hid)+ 3 Ar(z,2,...,2), w€F,

=1

with certain symmetric i-uadditive funclions Ay : 5 — § {k =1,2,3,4).
Ilere, since 4 is even and § is 6-torsion-free, we have for all 2 € F that
Ar(x) + Aglx,z,z) = 0. whence 843(z,x,7) = —24,(z) and therefore
dAs(z,2,2) = —Ay(x) = Ayl z,a), e

As(w e, x)=0= A(z), z€F.

Finally, the formula.(11) for £ = A4 can be verified by simple comptutations.
Sufficiency. Obvious.
In the rest of the paper we discuss equation (3) showing that the restrie-
tions on § can be dropped as soon as the even and odd solutions are treated
separately.
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THEOREM 4 Assume that cherF # 2 and f, g are solutions of
equation (3). Then
i) forg s odd if and ondy if, both of them arc additive,

i) g is even if and only if, g — g(0) is quadratic while fo with on additive
A:F S anda = ayfay, b=byfby , has the form

2

Proof. By (8), (0] + 4(0) = 0 and so f ~ f(0), g ~ g(0) satisfy (3),
too. Thus we may and do assume that f(0) = 4(0) = 0. Now define
F,G:F =8 by

(13 S@)= f0)+ Atz —g (H2e) 4o (), ser

Fluv)= flu+v)— flu) - f(v), u, v € F,

Glu,v) = glu+w)~g(u) - g(v), w,veF.

Then (3) turns into
{14) Flu,v) + Glaw,br) =0, u,v € F,
Hence, by the definition of 7 and ¢, Tor all u b, w e F, we have

(15) Glau, bv) + Gan + by, bw) = Glau, bo + bw) + G{bv, bw),

(16)  Glaw,be) + Glan + av,bw) = Glan, by + bw) + G(av, bw).

Subtracting {15) from (16}, it follows for all w, v, w € F that

(7)) Gleu+ av,bw) - (an + by, bw) = Glav, bw) - Gbv, bw).

Siuce G{0,b) = 0, therclore the substitution 1 = =(b/a}v in (L7) vields
Glav - v, bw) = Glav, buw) - G(bv, bw), v e F,

which implies by (17) that

(18) Glau+av,bw) — (/au+ bv,bw) = Glav — bu, b}, w, v, wE F,

Becanse of charF # 2, 1his means that G is additive in its first variable,
and regarding the synunctry, € i actually biadditive. Thus

glutvtw)~glet r) - glw)= Glu+ v,w) = Glu,w)+ G{v,uw) =
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= glu+ w)— g(v) = g{w) + g(v + w) — g(v) ~ g(w)  w,v,wWEF,
whence lotting v = —v,
(19) glu+ )+ glu - v) = 29(e) + g{v) + 9(—v)s wve F.
In an analogous way, one can gain the same for f:
Q0)  J(u+ o)+ flu— o) = 2f () + F@) 4 f(-v), wpEF
Now if, say, g is odd, then for w = v, (19} yields g{2u) = 2g(u}, whence
glu+ 1) + glu— v) = g{2n), w,v € F,
Le. regarding agaiv the condition charF # 2, g is additive. By the original
equation (3}, so i [, proving part i),
Next supposc that g i vvear, Vhen by (19}, i ix quadratic and due to the

symmelry of &, for all u. v € F we bave Glan,bu) = —F(w,v) = — (v, u) =
Glav, bu} and so

flu+v) = f(r) - flv) = —Gley,be)= -2G (%u, %v:) -2G (%v. gu) =

TETLR UYL LI
=2G (21(,511) + 2¢¢ (21,,21.) —2G (2[91.-{- b],‘z[u.-{—'u]) .

This sneans that the function A : F — §, defined for each x € F by

Alz) = f(z) +26 (3. '-:1) TR (%—h-l.z') -g (" = br:)

is additive, giving the formula {(13).
Tl converse implications are obyious.
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